Monolayer solids of physisorbed gases may be continuously compressed by increasing the chemical potential of the coexisting three-dimensional (3D) gas [1] [2] [3] [4] [5] [6] . The limit of compression [7] [8] [9] [10] is set by transitions to other phases and is an element of the initial stages of multilayer formation [11] [12] [13] . The theory of the monolayer-to-bilayer transition, as a limit on monolayer compression, has been developed for inert gas adsorbates (Ne to Xe) which have no registry with the substrate and for which the holding potential is relatively strong compared to the lateral interactions [7] [8] [9] [10] . At low temperatures, such a monolayer-to-bilayer transition is essentially a condensation of the second atomic layer of adsorbate : at coexistence there is then only a very dilute second layer of gas above the monolayer solid and the bilayer consists of two solid atomic layers with very few vacancies. Here we discuss departures from the systematic trends established for the classical systems which may arise in adsorption of quantum gases [14] [15] [16] [17] [18] [19] and in examples where a classical monolayer solid is in uniaxial registry with the substrate [20] [21] [22] .
The monolayer (2D) solid of xenon adsorbed on the (111) face of silver, Xe/Ag(111), displays the simplest pattern of compression [1, 7] , with no registry phases and little effect of quantum zero-point energy. At monolayer condensation the nearest-neighbour spacing in the 2D solid is 2 % larger than the nearestneighbour spacing L, in the 3D solid at the sublimation curve. Under compression, the nearest-neighbour spacing decreases and at the transition to the bilayer solid, the lateral nearest-neighbour spacings in both the monolayer and bilayer are experimentally indistinguishable (equality to within 0.5 %) from Is. This pattern is observed also for Kr/Ag(l 11) [11, Ar/Ag(l 11) [1] , and argon adsorbed on the basal plane surface of graphite, Ar/Gr [2] . For Kr/Gr [3] , at monolayer condensation there is a registry lattice, but at the bilayer formation the nearest-neighbour spacing is again close to L.. For Ne/Gr there are appreciable effects of the zero-point energy and the initial dilation of the solid monolayer is larger [6, 10] ; the limiting monolayer solid is compressed to about a 1 % smaller nearest-neighbour spacing than Ls [5, 6] . The monolayer solid of deuterated methane on graphite, CD4/Gr [23] , also follows the pattern of the classical inert gases. At 32 K, although there is a registry lattice, the nearestneighbour spacing at the monolayer limit of compression is [24] within 0.5 % of Ls [25] .
The driving force of the compression in all these cases is the relatively strong holding potential for the first adsorbed layer, which makes it energetically more favorable to compress the first layer than to initiate a dense second layer. Additionally, the holding potential sets the origin of the energy scale of the multilayer phase diagram [11, 26] [13] . The molecular packings in the first adsorbed layers may be quite different from those in the 3D solids and compressible monolayers may be driven to smaller spacings than Ls [5, 6, 27] . Registry lattices near the limit of monolayer compression [4, [20] [21] [22] can precede either extended or limited layer growth. For Xe/Gr there are temperatures where a registry lattice at the monolayer limit is followed [4] by a bilayer solid with spacing close to Ls and then with an extended layer-by-layer growth of the Xe [12] . For uniaxial registry lattices of Xe on Ag(110) and Cu(110), reported for the monolayer regime [20, 21] , there is only limited experimental information [22] on the growth beyond the monolayer solid; our model calculation for Xe/Cu(110) in section 3 shows it to be a marginal case for second-layer growth.
The organization of this paper is : in section 2 we discuss the classical pattern of the monolayer-tobilayer transition, relating the insensitivity of the chemical potential pii at the transition under changes of first-layer holding potential co to the small (or zero) lattice constant discontinuities at the transition. Some estimates for the behaviour of compressed monolayers of helium, based on binding energies for single adatoms derived from atom-surface scattering experiments [14] [15] [16] [17] [18] [19] , are also given there. In section 3 we present our model calculation for the limit of compression of Xe/Cu(110), based on a first-layer interaction model constructed previously [28] . We propose an increase of the value for the monolayer latent heat of condensation of Xe/Cu(110) to make the calculations consistent with the observed compressions [21] . In section 4 we present some concluding remarks. [29] . However, for He [15] [16] [17] and for H2 [17, 18] , the holding potentials on noble metals are quite different than on basal plane graphite [14, 19] . The lowest bound state energy (so) of 'He/Gr is 12.1 meV [14] , while for the noble metals the values are : 4.5 meV for 4He/Ag(110) [16] , 6 meV for 4He/Au(110) [15] and 4.6 meV for 4He/Cu(113) [17] . However, the coefficient (C3) of the van der Waals attraction to the substrate [30] , which sets the scale of the interaction (en) of second-layer adatoms with the substrate, is some 50 % larger for these metals than for He/Gr. Thus there is a large contrast in so -en for Gr and for noble metals. In this section we discuss the effects of such large changes in the holding potential on the monolayerto-bilayer transition, using a zero temperature formalism previously applied to near-classical adsorbates [7] . We also comment on the system 3He/H2 for which the so is approximately 1 meV [31, 32] .
In addition to the adatom/substrate energies so and en introduced in the preceding paragraph, we denote the adatom-adatom contributions to the internal energy of the monolayer and bilayer by £ri and Gf2. The potential energies for sel, Ee2 and sjl in the, case of classical adlayers are displayed in equations (3.8) and (3 .11 [30] . This analysis can be extended to the bilayer-to-trilayer solid transition, which was shown in a model calculation for a classical adlayer [7] to have a smaller lattice constant discontinuity than the corresponding monolayer-to-bilayer transition. These conditions approximate the conditions assumed in the construction of the SingletonHalsey theory of multilayer adsorption [33] .
We show data for the monolayer and bilayer condensations of Xe/Ag(111), Xe/Gr, and Xe/Pd(100) [1, 4, 34, 35] and the extrapolation of bulk sublimation [36] [4] and [34] ), and Xe/Pd(100) (dot-dotdash lines, Ref. [35] ). The extrapolation of the bulk sublimation data of reference [36] to lower temperatures is also shown (solid line). The ordering of the bilayer condensation is different from the monolayer ordering; see section 2.
tinuity [4] at the solid bilayer formation for Xe/Gr. The insensitivity of the second-layer formation to the first-layer adsorption-induced interactions is strikingly shown in the Xe/Pd(100) data : for the conditions represented in figure 1 there was [35] no 2D island formation and no sharp monolayer condensation for the Xe/Pd(100), but the bilayer condensation is in the same regime as the other two cases.
Data for the bilayer formation of Ar and Kr on Ag(111) [1] and on Gr [2, 3] also only depend weakly on 80. For example, the low coverage isosteric heat for Ar/Gr is 20 % larger than for Ar/Ag(111) [29] and the pressure of the coexisting 3D Ar gas at the monolayer condensation at 45 K is 50 times larger for Ag(111) [1] than for Gr [2] . Nevertheless, the estimated 3D gas pressure for the bilayer condensation on Gr [37, 2] is 2 times larger than on Ag(111) [1] . A calculation of the bilayer condensation pressure using a realistic interaction model for Ar/Gr gave very good agreement [9] with pressures extrapolated from Gilquin's data [37] . Gilquin also reported a multilayer isotherm at 64 K [37] which followed the SingletonHalsey equation [33] . However [38] . The modelling neglects thermally activated processes in the multilayer adsorption, which may account for this discrepancy.
The bilayer condensation for 4He/Gr deviates from the pattern of the classical gases. The 4He/Gr monolayer is highly compressible, as a result of quantum effects, and go is larger relative to the attractive forces in the lateral interactions than for the heavier inert gases. The monolayer compression has been inferred from thermodynamic data [39, 40] and has been observed in neutron diffraction experiments [41] . The second layer at bilayer formation is believed to be a 2D quantum liquid [39, 41] [42] [43] [44] or from the extensive thermodynamic data for monolayer [40] He/Gr.
For the bilayer we use a different formulation than equation (2.2), to make contact with model calculations [43] and to reflect more directly the terms giving rise to the spreading pressure. Let the total number of atoms in the bilayer N2 be divided into N21 firstlayer and N22 second-layer atoms, with areas per atom al and a2, respectively [45] . The number and area constraints are :
We take as an approximation for the bilayer energy Here go is the binding energy of first-layer adatoms to' the substrate and v2(al) is the binding energy of a single second-layer atom to the combined substratefirst-layer system [43] . The lateral energy terms are eft (at) for the first-layer solid [40, 42] and v22(a2) for the (second-layer) 2D quantum liquid [44] .
The condition for mass transfer equilibrium between the first and second layers of the bilayer is
The conditions of mechanical and mass transfer equilibrium between the monolayer and bilayer are :
There is evidence [39] [40, 42] and the go for He/Au(110) [15] [32] of the holding potential and bound states of 3He on H2. A further investigation might include consideration of possible reorganization [49] of the bilayer H2 film, of the effect of anisotropy [50] of the H2 vibrations on the corrugation of the He holding potential, and of the effect of the coupling of the motions of the He and H2 on the equation of state of the adsorbed He. The bilayer transition for close-packed triangular monolayer and bilayer lattices has been treated with quasiharmonic lattice dynamics [8] for D2 parameters [51] ; some information on these questions can be obtained with the phonon spectra calculated in that work.
3. A limit of stability for Xe/Cu(110).
At monolayer condensation, Xe forms a C(2 x 2) lattice on Cu(110) [20, 21] . Under We extend the original zero temperature theory of bilayer formation for triangular lattices [7] by treating centred rectangular lattices and by including effects of the periodic potential along the [110] axis with perturbation theory [28] . The [30] ) and zo is the distance from the first-layer to an effective electrodynamical image plane. In the absence of information specific to the Xe/Cu (110) system, we take a value zo = 2 A used for Xe/Ag(111 ) models [7] [8] [9] ; 10 % uncertainty in zo leads to 10 [28] . The smooth lines are interpolations drawn through the points to help locate the monolayer-bilayer equilibrium. The parameters of the model are eo, the average first-layer holding potential in the [110] troughs; 2 V2, the corrugation amplitude along the trough; E = 230 K and ro the energy and length scales of the LennardJones pair potential, equation (3.9) . The results of changing the eo value by Ae are obtained by shifting the monolayer p by AE and the bilayer p by As/2. a) ro = 4.5 A, Eo = [28] . Results of that earlier work are included in figure 2 and agree well with the p(o) function derived from the perturbation theory.
As is apparent from figure 2 [20, 21] .
Changing the value so of the first-layer holding potential by 400 [30] . These calculations show the combined effect of two structural considerations [11, 13] [29] . Then, as shown in table I, the chemical potential increase from the C(2 x 2) condensation to bilayer formation is about 750 K and the monolayer limit of compression is more in keeping with the LEED data [21] . As in the previous work [28] , using the value ro = 4.5 A reproduces the monolayer data a little better than calculating with the value 4.55 A.
The Glachant et ale data [21, 53] become consistent with the adjusted so value if the two lowest temperature data points are dropped from the determination of ql. The monolayer latent heat (q 1) is derived from the pressure-temperature data for the C(2 x 2) condensation and deleting the lowest temperature points [53] from the slope determination leads to an increase of more than 10 % in the q1 value. The actual magnitudes of the transition temperatures and pressures in the experiments [21] ] were close to the Xe/Ag(111) values [1] , but including the lowest temperature points led to an anomalously small q1 compared to the Xe/Cu(100) value [54] and to an anomalous entropy of adsorption [53] for Xe/Cu(110).
There were recognized to be slow adsorption kinetics [21, 53] at the lowest experimental temperatures, so dropping those points from the q1 determination has some basis. We must note that our calculations are for zero temperature and the experiments near 70 K involve adlayers with thermal excitation. The change we propose for q 1 makes the systematic trends in the comparisons with Xe/Cu(100) [54] and Xe/Ag(111) [ 
